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Capelli Operators

g : Reductive Lie algebra/Classical Lie superalgebra.

V : irreducible finite dimensional g-module such that PpV q is
completely reducible and multiplicity-free.

V – V0 ‘ V1 ù PpV q – SpV ˚q – SpV ˚0 q b ΛpV ˚1 q.

PpV q –
à

λPEV

Vλ , DpV q – SpV q –
à

λPΩ

V ˚λ .

PDpV q

g

–

`

PpV q bDpV q

˘g

–
à

λ,µPΩ

`

Vλ b V
˚
µ

˘g

–
à

λ,µPΩ

HompVµ, Vλq

HomgpVµ, Vλq :“

#

C if λ “ µ,

t0u if λ ‰ µ.
Dλ Ø 1 P HomgpVλ, Vλq
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Capelli Operators

Example

g :“ glnpCq ˆ glnpCq, V :“ MatnˆnpCq.

PpV q –
à

`pλqďn

V ˚λ b Vλ.

For λ “ p1q “ p1, 0, . . .q we obtain

Dp1q “
ÿ

1ďi,jďn

xi,j
B

Bxi,j
(degree operator).

For λ :“ p1nq we obtain

Dp1nq “ detpxi,jq detp
B

Bxi,j
q (Capelli operator).

‚ The basis tDλuλPEV for PDpV qg is called the Capelli basis.
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The Capelli Eigenvalue Problem

Dλ : PpV q Ñ PpV q is a g-module homomorphism (Dλ is g-invariant).

PpV q multiplicity-free ñ Dλ
ˇ

ˇ

Vµ
“ cλpµqIVµ for all λ, µ.

Problem (Kostant): Compute cλpµq.

Example

F : real division algebra, d :“ dimRpFq P t1, 2, 4u.
gR :“ glnpFq, VR :“ HermnˆnpFq, g :“ gR bR C, V :“ VR bR C.

PpV q –
à

`pλqďn

Vλ.

$

’

&

’

%

d “ 1 ñ g – glnpCq λ :“
řn
i“1 2λiεi,

d “ 2 ñ g – glnpCq ‘ glnpCq λ :“
řn
i“1 λiεi,

d “ 4 ñ g – gl2npCq λ :“
řn
i“1 λipε2i´1 ` ε2iq.
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Symmetric functions

Λn :“ Crx1, . . . , xnsSn , Λ :“ lim
ÐÝ
n

Λn.

λ “ pλ1, . . . , λnq , λ1 ě ¨ ¨ ¨ ě λn ě 0 ÝÝÑ xλ :“ xλ1
1 ¨ ¨ ¨xλnn .

Monomial symmetric functions:

mλ :“ xλ ` ¨ ¨ ¨

Power symmetric functions:

pr “
ÿ

i

xri “mprq and pλ “ pλ1
¨ ¨ ¨pλn .

Inner product: xpλ,pµyα :“ α`pλqzλδλ,µ,

where zλ :“
ś

rě1 r
λ1rλ1r! for λ1 :“ transpose of λ.

α “ 1 ÝÝÑ Schur functions sλ “mλ ` ¨ ¨ ¨

xsλ, sµy “ δλ,µ.

α “ 2 ÝÝÑ Zonal spherical functions.

General α: Jack symmetric function Jλp¨, αq.
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The spectrum cλ

Sahi ’94, Knop–Sahi ’96, Okounkov-Olshanski ’97, Biedenharn, Louck,...

Fix λ “ pλ1, . . . , λnq, λ1 ě ¨ ¨ ¨ ě λn ě 0.

(a) There exists a polynomial J‹λ P Crx1, . . . , xns
Sn such that

degpJ‹λq “ |λ| and cλpµq “ J‹λpµ` ρq

where ρ “ d
2
pn´ 1, n´ 3, . . . , 3´ n, 1´ nq.

(b) J‹λ is determined up to a scalar by the following conditions:

J‹λ P Crx1, . . . , xnsSn ,

degpJ‹λq ď |λ|,

J‹λpλ` ρq ‰ 0, and J‹λpµ` ρq “ 0 for all other µ s.t. |µ| ď |λ|.

(c) J‹λp¨q “ Jλp¨,
2
d
q ` lower degree terms.
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Supermathematics

Z{2-graded vector spaces V :“ V0 ‘ V1.

V bW Ñ V b V , v b w ÞÑ p´1q|v|¨|w|w b v.

glpV q :“ EndpV q – EndpV q0 ‘ EndpV q1.

V :“ Cm|n: glpCm|nq.

Cartan subalgebra h : diagonal matrices.
Standard basis of h˚ : ε1, . . . , εm, δ1, . . . , δn.
Finite dimensional highest weight modules:

λ “
m
ÿ

i“1

λiεi `
n
ÿ

j“1

µjδj

where λi ´ λi`1, µj ´ µj`1 P t0, 1, 2, 3, . . .u.

Other examples: osppm|2nq, ppmq, qpnq, fp3|1q, gp2q, ...
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The TKK Construction

J “ J0 ‘ J1: Jordan superalgebra / C:

a ˝ b :“ p´1q|a||b|b ˝ a.

p´1q|a||c|rLa˝b, Lcs ` p´1q|b||a|rLb˝c, Las ` p´1q|c||b|rLc˝a, Lbs “ 0.

Lx : J Ñ J , Lxpyq :“ xy.

TKK Lie superalgebra (the Kantor functor)

J ÝÝÝÑ gJ :“ KanpJq Lie superalgebra.

gJ :“ gJp´1q ‘ gJp0q ‘ gJp1q

gJ p´1q :“ J , gJ p0q :“ SpanCtLa, rLa, Lbs : a, b P Ju Ď EndCpJq,

gJ p1q :“ SpanCtP, rLa, P s : a P Ju Ď HomCpS
2pJq, Jq,

where P : S2pJq Ñ J is the map P px, yq :“ xy, and

rLa, P spx, yq :“ apxyq ´ paxqy ´ p´1q|x||y|payqx.

The Lie superbracket of gJ is defined by the following relations.

(i) rA, as :“ Apaq for A P gJ p0q and a P gJ p´1q.
(ii) rA, aspxq :“ Apa, xq for A P gJ p1q, a P gJ p´1q, and x P J.

(iii) rA,Bspx, yq :“ ApBpx, yqq ´ p´1q|A||B|BpApxq, yq ´ p´1q|A||B|`|x||y|BpApyq, xq
for A P gJ p0q, B P gJ p1q, and x, y P J.
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The TKK Construction

Assume J is unital.

gJ is simple if and only if J is simple.

There is also an associated embedded sl2, spanned by

e P gJ p´1q, h P gJ p0q, f P gJ p´1q.

The homogeneous parts gJ ptq are eigenspaces of ad
´ 1

2
h.

We will work with a slight modification g5 of gJ .

Unital simple Jordan superalgebras and the corresponding g5 (J1 ‰ t0u)

J g5

glpm,nq` glp2m|2nq
osppn, 2mq` ospp4n|2mq
pm, 2nq` osppm` 3|2nq

Dt, t ‰ ´1 Dp2|1, tq
F F p3|1q

ppnq` pp2nq
qpnq` qp2nq

JPp0, nq Hpn` 3q
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The restricted roots Σ

g :“ g5p0q, V :“ g5p1q – J , k :“ Stabgpeq.

g5 g k V

I glp2m|2nq glpm|nq ‘ glpm|nq glpm|nq Cm|n b pCm|nq˚

II ospp4n|2mq glpm|2nq osppm|2nq S2pCm|2nq
III osppm ` 3|2nq gosppm ` 1|2nq osppm|2nq Cm`1|2n

IV Dp2|1, tq glp1|2q ospp1|2q C2|2
t

V F p3|1q gospp2|4q ospp1|2q ‘ ospp1|2q C6|4

VI pp2nq glpn|nq ppnq ΠpΛ2pCn|nqq
VII qp2nq qpnq ‘ qpnq qpnq pCn|n b pCn|nq˚qΠbΠ

The symmetric pair pg, kq corresponds to an involution Θ : gÑ g:

g “ k‘ p, Θ
ˇ

ˇ

k
“ `1, Θ

ˇ

ˇ

p
“ ´1.

One can choose a “Θ-stable maximally split” toral subalgebra:

h “ t‘ a.

∆ : root system of pg, hq ù Σ :“
 

α
ˇ

ˇ

a
: α P ∆

(

zt0u.
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The restricted roots Σ

Jordan superalgebras of types A and Q

Type A – Σ is of type Apr ´ 1, s´ 1q:

Σ “ Σ0 \ Σ1 where

Σ0 :“
!

εi ´ εi1
)

1ďi‰i1ďr
Y

!

δj ´ δj1
)

1ďj‰j1ďs

and
Σ1 Y

!

˘

´

εi ´ δj

¯)

1ďiďr,1ďjďs
,

g5 has an even invariant form x¨, ¨yg5 . Then x¨, ¨yg5
ˇ

ˇ

aˆa
is non-deg.,

hence induces an isomorphism a – a˚ and a bilinear form
x¨, ¨yJ : a˚ ˆ a˚ Ñ C.

For each α P Σ , we define a multiplicity

multpαq :“ ´
1

2
sdimpgαq.

Type Q – Σ is of type Qprq:

Σ :“
!

εi ´ εi1
)

1ďi‰i1ďr

but all roots have graded dimension p2|2q.
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Σ “ Σ0 \ Σ1 where

Σ0 :“
!

εi ´ εi1
)

1ďi‰i1ďr
Y

!

δj ´ δj1
)

1ďj‰j1ďs

and
Σ1 Y

!

˘

´

εi ´ δj

¯)

1ďiďr,1ďjďs
,

g5 has an even invariant form x¨, ¨yg5 . Then x¨, ¨yg5
ˇ

ˇ

aˆa
is non-deg.,

hence induces an isomorphism a – a˚ and a bilinear form
x¨, ¨yJ : a˚ ˆ a˚ Ñ C.

For each α P Σ , we define a multiplicity

multpαq :“ ´
1

2
sdimpgαq.

Type Q – Σ is of type Qprq:

Σ :“
!

εi ´ εi1
)

1ďi‰i1ďr

but all roots have graded dimension p2|2q.
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The restricted roots Σ

Sergeev–Veselov’s Deformed root systems Aκpr ´ 1, s´ 1q

If J is of type A, then there exists some κ such that Σ satisfies

xεi, εjyJ “ δi,j , xδi, δjyJ “ κδi,j ,

and

multpεi ´ εjq “ κ, multpδi ´ δjq “ κ´1, multp˘pεi ´ δjqq “ 1.

Set θJ :“ ´κ.

J Remarks rJ sJ θJ ˘pεi ´ εjq ˘pεi ´ δjq ˘pδi ´ δjq

glpm,nq` m,n ě 1 m n 1 2|0 0|2 2|0

osppn, 2mq` m,n ě 1 m n 1
2

1|0 0|2 4|0

pm, 2nq` m,n ě 1 2 0 m´1
2

´ n m ´ 1|2n ´ ´

Dt t ‰ 0,´1 1 1 ´ 1
t

´ 0|2 ´

F 2 1 3
2

3|0 0|2 ´

J Remarks rJ
ppnq` n ě 2 n
qpnq` n ě 2 n
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Sergeev-Veselov polynomials

Fix θ P C (nonzero if n ą 0).

Λ6m,n,θ : C-algebra of polynomials fpx1, . . . , xm, y, . . . , ynq which are

separately symmetric in x :“ px1, . . . , xmq and in y :“ py1, . . . , ynq.

satisfy the relation

f
`

x` 1
2
ei, y ´

1
2
ej
˘

“ f
`

x´ 1
2
ei, y `

1
2
ej
˘

on every hyperplane xi ` θyj “ 0, where 1 ď i ď m and 1 ď j ď n.

Hpm,nq : the set of partitions λ “ pλ1, λ2, . . .q such that λm`1 ď n.

For λ P Hpm,nq, we set

pipλq :“ λi ´ θ
´

i ´ 1
2

¯

´ 1
2
pn´ θmq and qjpλq :“ xλ1j ´my ´ θ

´1
´

j ´ 1
2

¯

` 1
2

´

θ´1n `m
¯

,

where 1 ď i ď m and 1 ď j ď n, and

xxy :“ maxtx, 0u for x P R.
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Sergeev-Veselov polynomials

Theorem (Sergeev–Veselov 2004)

Assume that θ R Spm,nq. Then for each λ P Hpm,nq, there exists a unique
polynomial P˚λ P Λ6m,n,θ such that

(i) degpP˚λ q ď |λ|.

(ii) P˚λ pppµq, qpµq, θq “ 0 for all µ P Hpm,nq such that |µ| ď |λ| and µ ‰ λ.

(iii) P˚λ pppλq, qpλq, θq “ Hθpλq, where

Hθpλq :“
ź

1ďiď`pλq

ź

1ďjďλi

pλi ´ j ` θpλ
1
j ´ iq ` 1q.

Furthermore, the family of polynomials
`

P˚λ px, y, θq
˘

λPHpm,nq
is a basis of

Λ6m,n,θ.

Spm,nq :“

$

’

&

’

%

 

´a
b

: a, b P Z, a ě 1, and 1 ď b ď m´ 1
(

if n “ 0,
 

´a
b

: a, b P Z, 0 ď a ď n, and b ě 1
(

if m “ 0,

Qď0 otherwise.
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PpV q as a g-module – Type A

Theorem (Sahi-S.-Serganova 2018)

Assume that J is of type A. Then the following assertions hold.

(i) PpV q is a completely reducible and multiplicity-free g-module if and
only if θJ R SprJ , sJq.

(ii) Whenever (i) holds, PpV q is a direct sum of irreducible g-modules
whose highest weights are naturally parametrized by Ω :“ HprJ , sJq:

PpV q –
à

λPΩ

Vλ

λ ÞÑ λ P h˚ , a˚Ω :“ tλ : λ P ΩuZariski

τJ : a˚Ω Ñ CrJ`sJ

(iii) Assume that (i) and hence (ii) hold. Then the eigenvalue of the
Capelli operator Dµ acting on Vλ is equal to P˚µ pτJpλq, θJq, where λ is
the b-highest weight of µ and τJ is an affine change of coordinates.
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Examples

Hpm,nq :“ tλ : λm`1 ď nu.

J :“ glpm,nq`

g :“ glpm|nq ‘ glpm|nq, V :“ Cm|n b pCm|nq˚

PpV q –
à

λPHpm,nq

V ˚λ b Vλ

λ “
řm
i“1 λiεi `

řn
j“1xλ

1
j ´myδj .

m “ 2, n “ 4 :

λ “ 6ε1 ` 5ε2 ` 3δ1 ` 2δ2 ` 2δ3 ` 0δ4.
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Examples

Hpm,nq :“ tλ : λm`1 ď nu.

J :“ F

g :“ gospp2|4q, V :“ C6|4.

PpV q –
à

λPHp2,1q

Vλ

λ “ p3|λ| ´ 2λ1 ´ 2λ2qε1 ``pλ1 ´ λ2qpδ1 ` δ2q ` |λ|ζ.

m “ 2, n “ 1, |λ| “ 18.

λ “ p8` 18qε1 ` 2pδ1 ` δ2q ` 18ζ. “ 26ε1 ` 2pδ1 ` δ2q ` 18ζ.
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Okounkov-Ivanov polynomials

Γn: C-algebra of polynomials symmetric in x1, . . . , xn such that
fpt,´t, x3, . . . , xnq is independent of t.

DPpnq : set of partitions of length at most n with distinct parts.

Theorem (Ivanov, 1999)

For every λ P DPpnq, there exists a unique polynomial Q˚λ P Γn such that

(i) degpQ˚λq ď |λ|.

(ii) Q˚λpµq “ 0 for all µ P DPpnq such that |µ| ď |λ| and µ ‰ λ.

(iii) Q˚λpλq “ Hpλq, where Hpλq :“ λ!
ś

1ďiăjď`pλq

λi`λj
λi´λj

.

Furthermore, the family of polynomials
`

Q˚λ
˘

λPDPpnq
is a basis of Γn.
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ś

1ďiăjď`pλq

λi`λj
λi´λj

.

Furthermore, the family of polynomials
`

Q˚λ
˘

λPDPpnq
is a basis of Γn.
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PpV q as a g-module – Type Q

Theorem (Sahi-S.-Serganova 2018)

Assume that J is of type Q. Then PpV q is a completely reducible and
multiplicity-free g-module. The highest weights of the irreducible
summands of PpV q are parametrized by DPpnq:

PpV q –
à

λPDPpnq

Vλ.

Furthermore, the Capelli operator Dµ acts on Vλ by the scalar Q˚µpτJpλqq,
where τJ is an affine change of coordinates.
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Strategy of proof

One needs to check the following properties of cλpµq.

Polynomiality (easy from Harish-Chandra homomorphism).

Vanishing property (easy representation theoretic argument).

Symmetry.

Harish-Chandra homomorphism

Zpgq //

HC

��

PDpV qg

��

Pph˚qW // PpaΩq

aΩ : Zariski closure in h˚ of highest weights that occur in Ω.

Proposition (Sahi, S., Serganova 2018)

If J fl F , then the map
Zpgq Ñ PDpV qg (1)

is surjective. If J – F , then the map (1) is not surjective.
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