The Capelli eigenvalue problem for Lie
superalgebras

Hadi Salmasian
Department of Mathematics and Statistics
University of Ottawa

arXiv:1807.07340

July 26, 2018

1/91



@ g : Reductive Lie algebra/Classical Lie superalgebra.
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.

@ V : irreducible finite dimensional g-module such that (V) is
completely reducible and multiplicity-free.
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.

@ V : irreducible finite dimensional g-module such that 2(V) is
completely reducible and multiplicity-free.

VaVa@V we P2(V)=8(V*) = (V) @ AV).
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.

@ V : irreducible finite dimensional g-module such that 2(V) is
completely reducible and multiplicity-free.

VaVa@V we P2(V)=8(V*) = (V) @ AV).

2V)= @ Va , 2(V)=8(V)= P VY.

ey AeQ
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.

@ V : irreducible finite dimensional g-module such that 2(V) is
completely reducible and multiplicity-free.

VaVa@V we P2(V)=8(V*) = (V) @ AV).

2V)= @ Va , 2(V)=8(V)= P VY.

AeEy AeQ
PYV) = 2(V)®2(V)
=P VeV = @Homc(V,,Va)
A, ue2 A, peQ2
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.

@ V : irreducible finite dimensional g-module such that 2(V) is
completely reducible and multiplicity-free.

VaVa@V we P2(V)=8(V*) = (V) @ AV).

2V)= @ Va , 2(V)=8(V)= P VY.

A€y AEQ
P9IV = (2(V)@2(V))*

= DV @ Vi)' = DHomg(V,,13)

A, ue A, ueS2
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.

@ V : irreducible finite dimensional g-module such that 2(V) is

completely reducible and multiplicity-free.

VaVa@V we P2(V)=8(V*) = (V) @ AV).

2V)= @ Va , 2(V)=8(V)= P VY.

ey AeQ

29V = (2(V)®2(V))°
= DV @ Vi)' = DHomg(V,,13)

A, ue A, ueS2

C if A =yp,

Homg(Vy, Vi) = {{O} A %
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Capelli Operators

@ g : Reductive Lie algebra/Classical Lie superalgebra.
@ V : irreducible finite dimensional g-module such that 2(V) is
completely reducible and multiplicity-free.

VaVa@V we P2(V)=8(V*) = (V) @ AV).

2V)= @ Va , 2(V)=8(V)= P VY.

ey AeQ

29V = (2(V)®2(V))°
= DV @ Vi)' = DHomg(V,,13)

A, ue A, ueS2

C if A =yp,
{0} if A #p.

Homg(Vy, Vi) = { Dy < 1 e Homy(Vi, Vi)
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Capelli Operators

@ g:=gl,(C) x gl,(C), V := Mat, xn(C).
2V)= P VoW

L(N)<n
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Capelli Operators

@ g:=gl,(C) xgl,(C), V:=Matnxn(C).
2V)= P VoW

L(N)<n
@ For A = (1) = (1,0,...) we obtain

Dy = Z x”% (degree operator).
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Capelli Operators

@ g:=gl,(C) x gl,(C), V := Mat, xn(C).
2V)= P VoW

L(N)<n
@ For A = (1) = (1,0,...) we obtain

0
Dqy = Z x”% (degree operator).

1<i,jsn

@ For A := (1") we obtain

D(yny = det(x; ;) det(i) (Capelli operator).

6:137;,]'

12 /91



Capelli Operators

@ g:=gl,(C) x gl,(C), V := Mat, xn(C).
2V)= P VoW

L(N)<n
@ For A = (1) = (1,0,...) we obtain

0
D) = Z x”% (degree operator).

1<i,jsn

@ For A := (1") we obtain

D(yny = det(x; ;) det(i) (Capelli operator).

6:137;,]'

o The basis {Dx}ree, for Z2(V)? is called the Capelli basis.
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@ Dy : 2(V) - Z(V) is a g-module homomorphism (D} is g-invariant).
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The Capelli Eigenvalue Proble_

@ Dy : 2(V) - Z(V) is a g-module homomorphism (D} is g-invariant).
@ (V) multiplicity-free = D>\|V = ex(u) Iy, for all A, p.
n
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The Capelli Eigenvalue Problem

@ Dy : 2(V) - Z(V) is a g-module homomorphism (D} is g-invariant).
@ (V) multiplicity-free = D>\|V = cx(p)ly, for all A, p.
n

Problem (Kostant): Compute ¢y (p).
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The Capelli Eigenvalue Problem

@ Dy : 2(V)— Z(V) is a g-module homomorphism (D is g-invariant).
@ (V) multiplicity-free = D>\|V = cx(p)ly, for all A, p.
7

Problem (Kostant): Compute ¢, (u). J

@ [ : real division algebra, d := dimg (F) € {1, 2, 4}.
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The Capelli Eigenvalue Problem

@ Dy : 2(V)— Z(V) is a g-module homomorphism (D is g-invariant).
@ (V) multiplicity-free = D>\|V = cx(p)ly, for all A, p.
7

Problem (Kostant): Compute ¢, (u). J

@ [ : real division algebra, d := dimg (F) € {1, 2, 4}.
@ gr :=gl,(F), Vg := Hermy,xn(F), g:= gr ®r C, V := Va ®r C.
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The Capelli Eigenvalue Problem

@ Dy : 2(V)— Z(V) is a g-module homomorphism (D is g-invariant).
@ (V) multiplicity-free = D>\|V = cx(p)ly, for all A, p.
7

Problem (Kostant): Compute ¢, (u). J

@ [ : real division algebra, d := dimg (F) € {1, 2, 4}.
@ gr :=gl,(F), Vg := Hermy,xn(F), g:= gr ®r C, V := Va ®r C.
o (V)= P V.

L(A)<n
d=1 = g= g[n(C) A= Z:L:l QAZ'EZ',
d=2 = g=gl,(C)Pgl,(C) X:=>", Ay,
d=4 = g=gl,(C) Ai=217" Ai(e2i1 + €2:).
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OAn:=<C[a:1,...,wn]S" s A:=liLnAn.

n




Symmetric functions _

OAn:=<C[ac1,...,wn]S" R A:=li1_nAn.
n
@ A=(A,-dn), A2 2 A 20 — 2=}l apn,
oD = = = Dac



Symmetric functions _

@ A, :=(C[.7:1,...,wn]S" R A:=li1_nAn.
n
— A > A oA An
@ A=(A1,.., ), A1 =2 X =20 — 2t =27 -z
@ Monomial symmetric functions:
m) I=CB)‘+---
[=] = = = = o



Symmetric functions

OAn:=(C[x1,...,acn]S" , A:=li£1An.
n
0)\=()\1,...,)\n),)\12“'>)\n20‘>m)‘:=mi‘1~-:vﬁ".

@ Monomial symmetric functions:

@ Power symmetric functions:

pr =) af =m() and P, =px, - Px,-
i
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Symmetric functions

OAn:=(C[$1,...,xn]S" , A:i=limA,.
@ A=(A,-dn), A2 2 A 20 — 2=}l apn,

@ Monomial symmetric functions:
@ Power symmetric functions:
pr =) af =m() and P, =px, - Px,-
i

@ Inner product: Pxr;Pua = aeo‘)zxéxw

7
where zy :=[[,o; 7 A.! for M := transpose of \.
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Symmetric functions

@ A, = C[wl,..,,xn]sn , A= li(_mAn.
n
@ A=, ), 1= = A =20 — 2 =xi‘1
@ Monomial symmetric functions:
m) = a4 -

@ Power symmetric functions:
pr=) @] =m() and p, =py,
i

@ Inner product: Pxr;Pua = ae(/\)zAéA,#,

7
where zy := [[,o; 7 ALl for M :
——  Schur functions sy =mjy + ---

(Sxs8u) = Ox -

= transpose of A.

@ a=1

An

P, -
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Symmetric functions

@ A, :=(C[1:1,..,,xn]5" , A:=li<_mAn.
n
@ A=(A1,..., %), A= 2X 20 — z)‘ =xi‘1~--x2".
@ Monomial symmetric functions:
my = z + -

@ Power symmetric functions:
Pr = Zx: = my,) and Py =P, " 'Px,
i

@ Inner product: Pxr;Pua = al(/\)zAéA,#,

7
where zy := [[,o; 7 ALl for M :
——  Schur functions sy =mjy + ---

<S>\, SN> = 6/\#’"

= transpose of A.

@ a=1

@ =2 ——> Zonal spherical functions.
v
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Symmetric functions

@ A, = (C[J,‘l,..,,xn]sn , A= li(_mAn.
n
@ A=, ), 1= = A =20 — 2 =xi‘1
@ Monomial symmetric functions:
m) = a4 -

@ Power symmetric functions:
pr=) @] =m() and p, =py,
i

@ Inner product: Pxr;Pua = az(/\)zAJA,#,

7
where zy := [[,o; 7 ALl for M :
——  Schur functions sy =mjy + ---

= transpose of A.

An

P, -
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@ a=1
<S>\, SM> = 6/\#’"
@ =2 ——> Zonal spherical functions.
@ General a: Jack symmetric function Jy (-, c).
”




The spectrum c)

Sahi '94, Knop—Sahi 96, Okounkov-Olshanski 97, Biedenharn, Louck,...

FiX)\=()\1,..‘,)\n),/\1 ==\, =0.
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The spectrum c)

Sahi '94, Knop—Sahi 96, Okounkov-Olshanski 97, Biedenharn, Louck,...

Fix A=, ), ==X =0.
(a) There exists a polynomial J% € C[x1,...,2,]°" such that
deg(J}) = [A| and cx(u) = JX(u+ p)

Wherep=g(n—l,n—3,...,3—n,1—n).
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The spectrum c)

Sahi '94, Knop—Sahi 96, Okounkov-Olshanski 97, Biedenharn, Louck,...

Fix A=, ), ==X =0.
(a) There exists a polynomial J% € C[x1,...,2,]°" such that
deg(J}) = [A| and cx(u) = JX(u+ p)

Wherep=g(n—l,n—3,...,3—n,1—n).

(b) J3 is determined up to a scalar by the following conditions:
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The spectrum c)

Sahi '94, Knop—Sahi 96, Okounkov-Olshanski 97, Biedenharn, Louck,...

Fix A= (At,..,An), AL = o = A = 0.
(a) There exists a polynomial J% € C[x1,...,2,]°" such that
deg(J3) = [A| and ex(p) = I3 (1 + p)
where p = g(n—l,n—3,...,3—n,1—n).
(b) J3 is determined up to a scalar by the following conditions:

o J5 eClz,...,zn]%m,
o deg(3}) < I\,
@ J5(A+p) #0, and J§ (1 + p) = O for all other p s.t. |u| < |A|
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The spectrum c)

Sahi '94, Knop—Sahi 96, Okounkov-Olshanski 97, Biedenharn, Louck,...

Fix A= (At,..,An), AL = o = A = 0.
(a) There exists a polynomial J% € C[x1,...,2,]°" such that
deg(J3) = [A| and ex(p) = I3 (1 + p)
where p = g(n—l,n—3,...,3—n,1—n).
(b) J3 is determined up to a scalar by the following conditions:

o J5 eClz,...,zn]%m,
o deg(3}) < I\,
@ J5(A+p) #0, and J§ (1 + p) = O for all other p s.t. |u| < |A|

(¢) J5() =Ja(-,2) + lower degree terms.
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@ 7/2-graded vector spaces V := V5@ V.
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Supermathematics

@ Z/2-graded vector spaces V := V5@ Vi.

QVRIW VRV, vQuW— (—1)|”|'|w|w®v.
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Supermathematics

@ 7/2-graded vector spaces V := V5@ V.

QVRIW VRV, vQuW— (—1)|”|'|w|w®v.

@ gl(V) := End(V) = End(V); ® End(V)5.
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@ 7/2-graded vector spaces V := V5@ V.

° VQDW/—+VW8¥C1M810H+(—1ﬂ”4wuugv.
o gl(V) := End(V) = End(V)5 ® End(V)1.

@ V=M gicminy.
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Supermathematics

Z/2-graded vector spaces V := V5 @ V1.
VW ->VeV, 0w — (—1)"'y@ue.
gl(V) := End(V) = End(V)5 @ End(V)5.
V= cmin: greminy.

o Cartan subalgebra b : diagonal matrices.

o Standard basis of h* : e1,...,6m,01,...,0n.

o Finite dimensional highest weight modules:

A = i )\7;61' + i /~Lj5j
i=1 j=1

where )\z - /\i+1,,uj — Hj+1 € {0, 1, 2, 3, NN }
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Supermathematics

Z/2-graded vector spaces V := V5 @ V1.
VW - VeV, v@w— (—1)"M'" My
gl(V) := End(V) = End(V)5 @ End(V)5.
V= cmin: greminy.

o Cartan subalgebra b : diagonal matrices.
o Standard basis of h* : e1,...,6m,01,...,0n.
o Finite dimensional highest weight modules:

A = i )\7;61' + i /~Lj6j
i=1 j=1

where >\z — /\z-_,_l,,uj — Hj+1 € {0, 17 2, 3, .. }
@ Other examples: osp(m|2n), p(m), q(n), f(3|1), 9(2), ...
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@ J = J;@® Jy: Jordan superalgebra / C:
o aob:=(—1)llpoa.

° (_1)IaIICI [Laob,Lc] + (—Ulbllal[Lboc,La] + (_1)Ic||b| [Lcoa,Lb] =0.
Ly:J—J, Li(y) = zy.

nac
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The TKK Construction

@ J = J;@® Jy: Jordan superalgebra / C:
o aob:=(=1)ltlpoq.

° (71)|a|‘c‘[Laob7Lc] + (71)“)”“'[[/1)007[«1] + (71)‘E||b| [Lcoa7Lb] = 0.
Ly:J—J, Ly(y) := zy.

TKK Lie superalgebra (the Kantor functor)

J — gy := Kan(J) Lie superalgebra.
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The TKK Construction

@ J = J;@® Jy: Jordan superalgebra / C:
o aob:=(=1)ltlpoq.

° (71)|a|‘c‘[Laob7Lc] + (71)“)”&'[[/1)007[«1] + (71)‘E||b| [Lcoa7Lb] = 0.
Ly:J—J, Ly(y) := zy.

TKK Lie superalgebra (the Kantor functor)

J — gy := Kan(J) Lie superalgebra.
g7 :=9s(-1)®g,(0) ®gs(1)
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The TKK Construction

@ J = J;@® Jy: Jordan superalgebra / C:
o aob:=(=1)ltlpoq.

° (71)|a|‘c‘[Laob7Lc] + (71)“)”&'[[/1)007[«1] + (71)‘E||b| [Lcoa7Lb] = 0.
Ly:J—J, Ly(y) := zy.

TKK Lie superalgebra (the Kantor functor)

J — gy := Kan(J) Lie superalgebra.
g7 =0,(-1)®g,(0)®9,(1)
® gy(-1):=J, g4(0) :=Spanc{La,[La,Ls] : a,b€ J} S Endc(J),
gs(1) := Spanc{P, [La, P] : a€ J} € Home(8%(J), J),

where P : 82(J) — J is the map P(z,y) := zy, and
[La, P(z,y) = a(zy) — (az)y — (—1)I*V|(ay)a.

42 /91



The TKK Construction

@ J = J;@® Jy: Jordan superalgebra / C:
o aob:=(=1)ltlpoq.

o (=) [Lao, Le] + (=)™ [Lose, La] + (=1)“"[Leca, L] = 0.
Ly:J—J, Ly(y) := zy.

TKK Lie superalgebra (the Kantor functor)

J — gy := Kan(J) Lie superalgebra.
g7 =0,(-1)®g,(0)®9,(1)
® gy(-1):=J, g4(0) :=Spanc{La,[La,Ls] : a,b€ J} S Endc(J),
gs(1) := Spanc{P, [La, P] : a€ J} € Home(8%(J), J),

where P : 82(J) — J is the map P(z,y) := zy, and
[La, Pl(z,y) := a(zy) — (az)y — (=1)1*!I¥/(ay)a.
The Lie superbracket of g is defined by the following relations.

(i) [A,a] := A(a) for A€ g;(0) and a € gy(—1).
(ii) [A,a](z) := A(a,z) for Ae gy(1),aegy(—1), and z € J.
(iii) [A, B(=z,v) := A(B(z,y)) = (=DI4I1BIB(A(2), y) — (-D)AIIBIHI=IIV B(A(y), z)
for A€ gy(0), Begy(l), and z,y € J.

v
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Assume J is unital.

@ g, is simple if and only if J is simple.

N
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The TKK Construction _

Assume J is unital.
@ g, is simple if and only if J is simple.

@ There is also an associated embedded sla, spanned by

eegy(=1), hegy(0), fegs(-1).
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The TKK Construction _

Assume J is unital.
@ g, is simple if and only if J is simple.
@ There is also an associated embedded sla, spanned by
e€gy(=1), heg;(0), fegs(=1).

@ The homogeneous parts g (t) are eigenspaces of ad_ 1.
2
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The TKK Construction

Assume J is unital.
@ g, is simple if and only if J is simple.
@ There is also an associated embedded slz, spanned by
e€gy(—1), hegs(0), fegs(-1).

@ The homogeneous parts g;(t) are eigenspaces of ad_ 1 h
2

@ We will work with a slight modification g’ of g9y
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The TKK Construction

Assume J is unital.
@ g, is simple if and only if J is simple.
@ There is also an associated embedded slz, spanned by
e€gy(—1), hegs(0), fegs(-1).

@ The homogeneous parts g;(t) are eigenspaces of ad_ 1 h
2

@ We will work with a slight modification g’ of 9

Unital simple Jordan superalgebras and the corresponding g° (J7 # {0})

J gb
A olemen)
osp(n, 2m) + osp(4n|2m)
(m,2n)+ osp(m + 3|2n)

Dy, t# —1 D(2|1,¢)
F F(3|1)
p(n)+ p(2n)
q(n)+ q(2n)

JP(0, 1) H(n+3)
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The restricted roots X

g:= ¢°(0), Vi=g"(1) = J, t := Stabg(e).
o g ¢ |4
I gi(2ml|2n) al(mln) @ gl(mn) gl(min) T (CT ¥
11 osp(4n|2m) al(m|2n) osp(m|2n) s2(cmi2n)
111 osp(m + 3|2n) gosp(m + 1[2n) osp(m|2n) cmtilzn
v D(2|1, t) al(1]2) osp(1]2) c2?
v F(3]1) gosp(2]4) 0sp(1]2) @ osp(1]2) col4
VI p(2n) gl(n|n) p(n) m(a2z(cniny)
VI a(2n) a(n) @ a(n) a(n) (crm @ (cnin)y*)om
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The restricted roots X

g:= ¢°(0), Vi=g"(1) = J, t := Stabg(e).
o g ¢ |4
I gi(2ml|2n) al(mln) @ gl(mn) gl(min) T (CT ¥
11 osp(4n|2m) al(m|2n) osp(m|2n) s2(cmi2n)
111 osp(m + 3|2n) gosp(m + 1[2n) osp(m|2n) cmtilzn
v D(2|1, t) al(1]2) osp(1]2) c2?
v F(3]1) gosp(2]4) 0sp(1]2) @ osp(1]2) col4
VI p(2n) gl(n|n) p(n) m(a2z(cniny)
VI a(2n) a(n) @ a(n) a(n) (crm @ (cnin)y*)om

@ The symmetric pair (g, £) corresponds to an involution © : g — g¢:

g=t@p, O], =+1, e\n = —1.
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The restricted roots X

g:= ¢°(0), Vi=g"(1) = J, t := Stabg(e).
o g ¢ |4
I gi(2ml|2n) al(mln) @ gl(mn) gl(min) T (CT ¥
11 osp(4n|2m) al(m|2n) osp(m|2n) s2(cmi2n)
111 osp(m + 3|2n) gosp(m + 1]2n) osp(m|2n) cmtilzn
v D(2|1, t) al(1]2) osp(1]2) c2?
v F(3]1) gosp(2]4) 0sp(1]2) @ osp(1]2) col4
VI p(2n) gl(n|n) p(n) m(A%(cnIn))
VI a(2n) a(n) ® a(n) a(n) (crln @ (crimy*)nen

@ The symmetric pair (g, £) corresponds to an involution © : g — g¢:
g=t@®p, O], =+1, e\n = —1.
@ One can choose a “O-stable maximally split” toral subalgebra:

h=tPa.
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The restricted roots X

g:= ¢°(0), Vi=g"(1) = J, t := Stabg(e).
o g ¢ |4
I gi(2ml|2n) al(mln) @ gl(mn) gl(min) T (CT ¥
11 osp(4n|2m) al(m|2n) osp(m|2n) s2(cmi2n)
111 osp(m + 3|2n) gosp(m + 1]2n) osp(m|2n) cmtilzn
v D(2|1, t) al(1]2) osp(1]2) c2?
v F(3]1) gosp(2]4) 0sp(1]2) @ osp(1]2) col4
VI p(2n) gl(n|n) p(n) m(A%(cnIn))
VI a(2n) a(n) @ a(n) a(n) (crln @ (crimy*)nen

@ The symmetric pair (g, £) corresponds to an involution © : g — g¢:
g=t@®p, O], =+1, e\p = —1.
@ One can choose a “O-stable maximally split” toral subalgebra:
=tPa.
@ A : root system of (g,h) v~ X = {a!a e AF\{0}.
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The restricted roots X

Jordan superalgebras of types A and @

@ Type A — X is of type A(r — 1,5 — 1):
Y = Yy u Y3 where

27:={a-—e~} u{é-—é.}
0 TS e 0T T g

and

X O
I<i<r,1<j<s
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The restricted roots X

Jordan superalgebras of types A and @

@ Type A — X is of type A(r — 1,5 — 1):
Y = Yy u Y3 where

2*:={8-—6~} u{é-—é.}
0 == == 1<j#5'<s

and

X O
I<i<r,1<j<s

@ g’ has an even invariant form ¢-, ->gbA Then (-, ~>g|,‘ is non-deg.,

axa
hence induces an isomorphism a =~ a* and a bilinear form

(yygia® xa* > C.
@ For each a € ¥, we define a multiplicity

1
mult(a) := — isdim(ga).
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The restricted roots X

Jordan superalgebras of types A and @

@ Type A — X is of type A(r — 1,5 — 1):
Y = Yy u Y3 where

2*:={8-—6~} u{é-—é.}
0 == 1<i#i/ <r == 1<j#5'<s
and

X O
I<i<r,1<j<s

@ g’ has an even invariant form ¢-, ->gbA Then (-, ~>g|,‘ is non-deg.,

axa
hence induces an isomorphism a =~ a* and a bilinear form

(yygia® xa* > C.
@ For each a € ¥, we define a multiplicity

1
mult(a) := — isdim(ga).

@ Type Q — X is of type Q(r):
X = {gi = G

Wl
1<i#i/<r

but all roots have graded dimension (22).
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The restricted roots X

Sergeev—Veselov’s Deformed root systems A.(r —1,s — 1)

If J is of type A, then there exists some x such that X' satisfies
<§i7§j>J = 6i7j ) <éi7éj>J = I{di,j?
and

mult(g; — g;) = K, mult(d, — J;) = K mult(£(g; —9,)) = 1.
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The restricted roots X

Sergeev—Veselov’s Deformed root systems A.(r —1,s — 1)

If J is of type A, then there exists some x such that X' satisfies
(€500 = 0ij , (8;,0,)5 = Kdij,

and

mult(g; — g;) = K, mult(d, — J;) = K mult(£(g; —9,)) = 1.

Set 05 := —k.
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The restricted roots X

Sergeev—Veselov’s Deformed root systems A.(r — 1,5 — 1)

If J is of type A, then there exists some x such that X' satisfies
(€500 = 0ij , (8;,0,)5 = Kdij,
and
=i
mult(g; — g;) = K, mult(d, —9;) =Kk, mult(£(g; —9,)) = 1.
Set 05 := —k.
v
J Remarks 1y sy 0, tle—g) (e —8)  +(8;—38;)
gl(m,n) 4 m,n =1 m n 1 2[0 0|2 2|0
osp(n,2m) 4 m,n =1 m n 1% 1]0 0|2 4|0
(m,2n) 4 m,n =1 2 0 m; —n m — 1[2n —
Dy t#0,-1 1 1 —% — 0|2
F 2 1 3 3|0 0|2
J Remarks T
p(n) 4 n =2 n
q(n)4 n=2 n
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Fix 0 € C (nonzero if n > 0).

DA
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Sergeev-Veselov polynomials

Fix 0 € C (nonzero if n > 0).
AEn,n,B : C-algebra of polynomials f(z1,...,%m,¥,-..,Yyn) which are
@ separately symmetric in z := (z1,...,%m) and in y := (y1,...,Yn).

DA
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Sergeev-Veselov polynomials

Fix 0 € C (nonzero if n > 0).

Al

m,n,0

: C-algebra of polynomials f(z1,...,Zm,¥, ...,Yn) which are
@ separately symmetric in z := (z1,...,%m) and in y := (y1,...,Yn).

@ satisfy the relation

£t deny—3e) = (o= ey + 3es)

on every hyperplane z; + 6y; = 0, where 1 <i<mand 1 < j < n.
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Sergeev-Veselov polynomials

Fix 0 € C (nonzero if n > 0).

Al

m,n,0

: C-algebra of polynomials f(z1,...,Zm,¥,-..,yn) which are
@ separately symmetric in z := (z1,...,%m) and in y := (y1,...,Yn).

@ satisfy the relation

£t deny—3e) = (o= ey + 3es)

on every hyperplane z; + 6y; = 0, where 1 <i<mand 1 < j < n.

H(m,n) : the set of partitions A = (A1, A2, ...) such that Apy1 < n.
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Sergeev-Veselov polynomials

Fix 0 € C (nonzero if n > 0).

Al

m,n,0

@ separately symmetric in z := (z1,...,%m) and in y := (y1,...,Yn).

: C-algebra of polynomials f(z1,...,Zm,¥,-..,yn) which are

@ satisfy the relation
Fot dey—de) = £ (o~ ey + 3e))

on every hyperplane z; + 6y; = 0, where 1 <i<mand 1 < j < n.

H(m,n) : the set of partitions A = (A1, A2, ...) such that Apy1 < n.
For X\ € H(m,n), we set
pi(A) =X 79(2' - %) - % n —60m) and q;(N\) := </\; —my—0"1 (j - %) + % (971n+m) s

where 1 <i<mand 1 <j<n,and

(z) := max{z, 0} for z € R.
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Sergeev-Veselov polynomials

Theorem (Sergeev—Veselov 2004)

Assume that 6 ¢ S(m,n). Then for each A € H(m,n), there exists a unique
polynomial P € AEn,n,e such that

(i) deg(PY) <Al
(i) P¥(p(w),a(w),0) = 0 for all u € H(m,n) such that || < |\ and p # .
(iii) P¥(p(A),q(N),0) = Ho(N), where
Ho(N) = [] [ Gi—d+00;—i)+01).

1<i<l(N) 1<5<A;

Furthermore, the family of polynomials (P5 (z,y,0)) e (m.m) 15 @ Dasis of
Ab

m,n,0"
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Sergeev-Veselov polynomials

Theorem (Sergeev—Veselov 2004)

Assume that 6 ¢ S(m,n). Then for each A € H(m,n), there exists a unique
polynomial P € AEn,n,H such that

(i) deg(PY) <Al
(i) P¥(p(w),a(w),0) = 0 for all u € H(m,n) such that || < |\ and p # .
(iii) P¥(p(A),q(N),0) = Ho(N), where
Ho(N) = [] [ Gi—d+00;—i)+01).

1<i<l(N) 1<5<A;

Furthermore, the family of polynomials (P5 (z,y,0)) S is a basis of

AEn,n,G' 4
{—% a,bEZ,a>1,and1<b<m—l} if n =0,
S(m,n):=<{-% :a,beZ, 0<a<n, and b > 1} if m =0,
Q< otherwise.
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P (V) as a g-module — Type A

Theorem (Sahi-S.-Serganova 2018)

Assume that J is of type A. Then the following assertions hold.

(i) £(V) is a completely reducible and multiplicity-free g-module if and
only if 05 ¢ S(rs,sy).
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P (V) as a g-module — Type A

Theorem (Sahi-S.-Serganova 2018)
Assume that J is of type A. Then the following assertions hold.

(i) £(V) is a completely reducible and multiplicity-free g-module if and
only if 05 ¢ S(rs,sy).

(ii) Whenever (i) holds, Z(V) is a direct sum of irreducible g-modules
whose highest weights are naturally parametrized by Q := H(rs, ss):

@(V) = (—BVA

AeQ
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P (V) as a g-module — Type A

Theorem (Sahi-S.-Serganova 2018)
Assume that J is of type A. Then the following assertions hold.

(i) £(V) is a completely reducible and multiplicity-free g-module if and
only if 05 ¢ S(rs,sy).

(ii) Whenever (i) holds, Z(V) is a direct sum of irreducible g-modules
whose highest weights are naturally parametrized by Q := H(rs, ss):

@(V) = (—BVA

AeQ

A AE h* ’ C‘;FZ = {A B NE Q}Zariski
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P (V) as a g-module — Type A

Theorem (Sahi-S.-Serganova 2018)
Assume that J is of type A. Then the following assertions hold.

(i) £(V) is a completely reducible and multiplicity-free g-module if and
only if 05 ¢ S(rs,sy).

(ii) Whenever (i) holds, Z(V) is a direct sum of irreducible g-modules
whose highest weights are naturally parametrized by Q := H(rs, ss):

@(V) = (—B %N
AEQ
A AE h* ’ C‘;FZ = {A B NE Q}Zariski
Ty ag — CTITeT

(iii) Assume that (i) and hence (ii) hold. Then the eigenvalue of the
Capelli operator D,, acting on Vj is equal to P (75(}), 0), where ) is
the b-highest weight of 1 and 77 is an affine change of coordinates.

<
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Examples

FH(m,n) :={A : A1 < n}.

J = gl(m,n)+

o g:=gl(mln) @gl(mln), V:=C""g @Cmm")*
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Examples

FH(m,n) :={A : A1 < n}.

J = gl(m,n)+

= gl(m|n) @ gl(m|n), V :=C™" @ (C™I")*
) = @ V/\* ®V)\

AeH (m,n)

(
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Examples

FH(m,n) :={A : A1 < n}.

J = gl(m,n)+

o g:=gl(mln) @gl(mln), V:=C""g @Cmm")*
e (V)= @ WeW

AeH (m,n)
0 A =30 Avei + 25 (N — md;.
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Examples

FH(m,n) :={A : A1 < n}.

J = gl(m,n)+

@ g:= gl(m|n) @ gl(m|n), V :=C™" g (C™n)*
o V)= P WeW

AeH (m,n)
0 A=3T diei + 27N —md;.

m=2n=4:

A = 6e1 + 5ea + 301 + 202 + 203 + 004.
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Examples

FH(m,n) :={A : A1 < n}.

J = gl(m,n)+

@ g:=gl(m|n) @ gl(m|n), V :=C™" g (C™")*
o V)= P WeW

AeH (m,n)
0 A=3T diei + 27N —md;.

m=2n=4:

A = 6e1 + 5ea + 301 + 202 + 203 + 004.
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Examples

FH(m,n) :={A : A1 < n}.

J = gl(m,n)+

@ g:=gl(m|n) ®gl(m|n), V := cmir @ ((len)*
e V) @ WeW

AeH (m,n)
0 A=3T diei + 27N —md;.

m=2n=4:

A = 6e1 + 5ea + 301 + 202 + 203 + 004.
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Examples

H(m,n) :=={\ : A1 < n}.

@ g:= gosp(2l4), V :=CO4
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Examples

H(m,n) :=={\ : A1 < n}.

@ g:= gosp(2l4), V :=CO4
e V)= P Vi

Aed(2,1)
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Examples

H(m,n) :=={\ : A1 < n}.

J:=F
@ g:= gosp(2l4), V :=CO4
e V)= P Vi

AeH(2,1)
@ A= (3|A] —2X1 — 2X2)e1 + +(A1 — A2)(01 + 02) + |A[C.
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Examples

FH(m,n) :={A : A1 < n}.

@ g:= gosp(2l4), V :=CO4
o V)= P Wi

AeH(2,1)
o \= (3|)\| — 2\ — 2)\2)81 + +()\1 — )\2)((51 + (52) + |)\|C
m=2n=1,|\ =18

A= (84 18)e1 + 2(d1 + d2) + 18C. = 26e1 + 2(61 + d2) + 18¢.

[ |
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Examples

FH(m,n) :={A : A1 < n}.

@ g:= gosp(2l4), V :=CO4
o V)= P Wi

AeH(2,1)

o \= (3|)\| —2X\1 —2X\2)e1 + +()\1 = )\2)((51 + (52) + |)\|C

m=2n=1,|\ =18

A= (84 18)e1 + 2(d1 + d2) + 18C. = 26e1 + 2(61 + d2) + 18¢.

[ |
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Examples

FH(m,n) :={A : A1 < n}.

@ g:= gosp(2l4), V :=CO4
o V)= P Wi

AeH(2,1)
o \= (3|)\| — 2\ — 2)\2)81 + +()\1 — )\2)((51 + (52) + |)\|C
m=2n=1,|\ =18

A= (84 18)e1 + 2(d1 + d2) + 18C. = 26e1 + 2(61 + d2) + 18¢.

- |
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T',,: C-algebra of polynomials symmetric in x1,
f(t,—t,zs,...,x,) is independent of ¢.

., Zpn such that

DA
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Okounkov-Ivanov polynomials

I',,: C-algebra of polynomials symmetric in z1,...,z, such that
f(t,—t,zs,...,x,) is independent of ¢.

DP(n) : set of partitions of length at most n with distinct parts.
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Okounkov-Ivanov polynomials

I',,: C-algebra of polynomials symmetric in z1,...,z, such that
f(t,—t,zs,...,x,) is independent of ¢.

DP(n) : set of partitions of length at most n with distinct parts.

Theorem (Ivanov, 1999)

For every A € DP(n), there exists a unique polynomial Q¥ € I',, such that
(i) deg(Q3) < IAl-
(i) Q%¥(n) =0 for all u € DP(n) such that |u| < |A| and p # .

(iii) Q¥(A) = H(X), where H(A) := X Ty s<pin) %

Furthermore, the family of polynomials (Q;’f) is a basis of T',.

AeDP(n)
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P (V) as a g-module — Type Q

Theorem (Sahi-S.-Serganova 2018)

Assume that J is of type Q. Then £ (V) is a completely reducible and
multiplicity-free g-module. The highest weights of the irreducible
summands of Z (V) are parametrized by DP(n):

P(V)

~

D W

AeDP(n)
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P (V) as a g-module — Type Q

Theorem (Sahi-S.-Serganova 2018)

Assume that J is of type Q. Then £ (V) is a completely reducible and
multiplicity-free g-module. The highest weights of the irreducible
summands of Z (V) are parametrized by DP(n):

@(V) = C—B V)\.

AeDP(n)

Furthermore, the Capelli operator D, acts on Vi by the scalar QF:(75(})),
where 7 is an affine change of coordinates.
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One needs to check the following properties of cx ().

@ Polynomiality (easy from Harish-Chandra homomorphism).



Strategy of proof

One needs to check the following properties of cx ().
@ Polynomiality (easy from Harish-Chandra homomorphism).

@ Vanishing property (easy representation theoretic argument).
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Strategy of proof

One needs to check the following properties of cx ().
@ Polynomiality (easy from Harish-Chandra homomorphism).
@ Vanishing property (easy representation theoretic argument).

@ Symmetry.
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Strategy of proof

One needs to check the following properties of cx ().
@ Polynomiality (easy from Harish-Chandra homomorphism).
@ Vanishing property (easy representation theoretic argument).

@ Symmetry.

Harish-Chandra homomorphism

Z(g) — 22(V)*

2(H*)W ——— P(aq)

aq : Zariski closure in h* of highest weights that occur in .
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Strategy of proof

One needs to check the following properties of cx ().
@ Polynomiality (easy from Harish-Chandra homomorphism).
@ Vanishing property (easy representation theoretic argument).

@ Symmetry.

Harish-Chandra homomorphism

Z(g) — 22(V)*

2(H*)W ——— P(aq)

aq : Zariski closure in h* of highest weights that occur in .

Proposition (Sahi, S., Serganova 2018)
If J 2 F, then the map

Z(g) > 22(V)’ (1)

is surjective. If J =~ F, then the map (1) is not surjective.




